This article is devoted to a world sheet analysis of A-type D-branes in N = (2, 2) supersymmetric non-linear sigma models. In addition to the familiar Lagrangian submanifolds with flat connection we reproduce the rank one A-branes of Kapustin and Orlov, which are supported on coisotropic submanifolds. The main focus is however on gauge fields of higher rank and on tachyon profiles on brane-antibrane pairs. This will lead to the notion of a complex of coisotropic A-branes. A particular role is played by the noncommutative geometry on the brane world volume. It ensures that braneantibrane pairs localize again on coisotropic submanifolds.
Introduction and summary
Almost a decade ago Kapustin and Orlov realized in [1] that Lagrangian submanifolds with flat connection do not always exhaust all objects in the category of A-branes on a Calabi-Yau manifold M. Their argument in favour of new objects involved mirror symmetry together with K-theoretic considerations, and once convinced that the new objects are there, they employed string theoretic techniques to study their geometry in the context of N = (2, 2) non-linear sigma models. Their important insight was that an A-brane can be supported on a coisotropic submanifold C of M provided that there exits a line bundle over C whose connection induces a transverse complex structure, a notion that will be defined in due time.
Ever since the trigger was set in [1] numerous developments sharpened the understanding of coisotropic A-branes. The new class of objects found applications in many interesting fields of mathematical physics, for instance in the geometric Langlands program [2] , in a new approach to quantization [3] , or in four-dimensional gauge theories [4] . Many of their properties will be reviewed as we go on. However, one that will not be elaborated on in this work, although important, is the extension of the notion of a stable A-brane from Lagrangian to coisotropic submanifolds [5, 6] .
An important question that led to some speculations, see for instance the concluding discussions in [7] , is the question of how to describe coisotropic A-branes with higher rank vector bundles. The methods that were applied in [1] and in the subsequent literature did not allow to go beyond rank one gauge groups, essentially because the D-brane geometry was extracted from the boundary conditions on the N = (2, 2) supercurrents. This work takes a different route and applies the methods that were successful in classifying B-type boundary conditions in Landau-Ginzburg models [8] [9] [10] and in non-linear sigma models [11, 12] : The A-type supersymmetry will be checked directly on an N = 1 supersymmetric action for the sigma model including boundary terms that encode the D-brane data. This approach will improve our understanding of the category of A-branes but, as we will see at the end, will also leave many questions unanswered and raise many new ones.
Section 2 starts with the analysis of rank one A-branes in N = (2, 2) non-linear sigma models on a (real) 2n-dimensional Calabi-Yau manifold M. This will reproduces the following two by now classical results from [1] .
I. A-branes are supported on coisotropic submanifolds C in M, i.e. the Poisson bivector π = ω −1 , associated with the Kähler form ω, vanishes on the conormal bundle N * C.
Standard symplectic geometry says that every coisotropic submanifold carries a characteristic foliation F induced from its conormal bundle via the Poisson bivector. More precisely, vectors in π # (N * C) ⊂ T C can be integrated to the leaves of the foliation. Bearing this structure in mind, the second condition on the geometry of A-branes is as follows.
II. An A-brane carries a line bundle whose connection, together with the B-field, gives rise to a transverse complex structureĴ = πF , that is a complex structure on the transverse bundle NF of the characteristic foliation. Here, F = B + F is a combination of the Bfield and the curvature of the gauge connection.Ĵ turns out to restrict the dimension of C to be n + 2k for k a non-negative integer.
Before proceeding with the outline, let us pause for a brief discussion on the existence of a transverse complex structureĴ. As noted in [7] the conditionĴ 2 = −id can be reformulated in a more intuitive way as Notice that for A-branes on Lagrangian submanifolds the condition is void. From the effective field theory point of view it can be interpreted as F-term condition [13] , which obstructs deformations of the Kähler parameters in the presence of a coisotropic A-brane with given curvature F . Thus, already at the classical level coisotropic A-branes can only exist at holomorphic submanifolds of the complexified Kähler moduli space, an effect that is unfamiliar from Lagrangian A-branes. Note however that such situations are familiar from B-branes in the mirror dual picture. There, it may happen that a B-brane obstructs deformations of the complex structure of M. Explicit examples were constructed using matrix factorization techniques in [14] . In Section 2.4 we proceed by topologically twisting the theory in order to get control over two important effects on coisotropic A-branes.
III. The first is perturbative in nature and concerns the noncommutative product on C. It is non-trivial only transverse to the characteristic foliation, and it is actually transversely holomorphic. More precisely, the holomorphic Poisson bivector that controls the product is the ( 2, 0)-part of π with respect toĴ.
IV. The second is a non-perturbative effect from instantons, i.e. from holomorphic maps of the world sheet with boundary into M, where each boundary component is mapped to a single leaf of the characteristic foliation.
In [15, 16] generalized complex geometry already indicated that coisotropic A-branes should carry a holomorphic noncommutative geometry. It was made manifest in the seminal work on the geometric Langlands program [2] , where on specific hyper-Kähler manifolds a canonical coisotropic A-brane gave rise to a description of A-branes in terms of D-modules (that is modules over the sheaf of differential operators).
With the preparations of Section 2 at hand we can attack the actual objective of this work in Section 3, that is to find a more general form of A-branes, including stacks of coisotropic A-branes and tachyon profiles between brane-antibrane pairs. To this end we split off a trace-part from the gauge field that, together with the B-field, determines the boundary conditions of the non-linear sigma model, thus leading to the structures I -IV. The remaining non-Abelian part of the gauge field is put into a path-ordered exponential of an N = 1 superconnection, which can be further extended to include a tachyon profile for brane-antibrane pairs [11, 17, 18] . N = 2 A supersymmetry then requires that a stack of A-branes on a coisotropic submanifold C with fixed transverse complex structureĴ is given by a complex of vector bundles with the following properties:
V. The bundles in the complex are noncommutative transversely holomorphic vector bundles. More precisely, given the characterisitc foliation F on C the connections of the vector bundles have, firstly, a vanishing curvature along the leaves of F and, secondly, in transverse direction a curvature of type ( 1, 1) with respect toĴ.
VI. The differential Q in the complex is noncommutative transversely holomorphic. In particular, it is constant along the leaves, and the condition to be a differential involves the noncommutative product, that is Q * Q = 0.
As we will see in Section 3.3, the noncommutative geometry induced by the ( 2, 0)-part of π plays an important role for the consistency of the tachyon condensation process. It ensures that the complex localizes again on coisotropic submanifolds. In particular, the minimal dimension accessible by tachyon condensation is that of a Lagrangian submanifold. The link of higher-dimensional coisotropic A-branes to Lagrangian ones via tachyon condensation suggests a relation between holomorphic noncommutative geometry and disc instanton corrections. The idea that such a link should exist goes back to [19] , however, the role of coisotropic A-branes seems to be new and will be discussed in Section 4, where we also draw some conclusions and close with a discussion on missing steps towards a proper categorical description of A-branes. ture J, a hermitian metric g and a Kähler form ω. The latter is complexified by the B-field B. We assume M to be a Calabi-Yau manifold in order to ensure an unbroken axial Rsymmetry, which will be important in Section 3.
We consider the theory on a strip with coordinates (σ 0 , σ 1 ) ∈ R × [0, π] and flat metric with signature (−1, 1). The field content of the non-linear sigma model is given by chiral (and anti-chiral) multiplets, whose component fields are the holomorphic coordinate fields x i (andxī) on M and their superpartners ψ i ± (andψī ± ). For the subsequent discussion of A-type boundary conditions, it will be convenient to work in real coordinates, x I = (x i , xī) and ψ 
Boundary conditions with N = 1 world sheet supersymmetry
Our strategy to find general A-type boundary conditions is to start with an N = 1 supersymmetric boundary action and impose N = 2 A invariance. A manifestly N = 2 supersymmetric description of (rank one) D-branes in general N = (2, 2) theories including besides chiral superfields also twisted chiral and semi-chiral superfields can be found in [20] .
In this subsection we introduce the N = 1 quantities that are relevant for the subsequent discussions.
The unbroken N = 1 subalgebra of N = (2, 2) is the one lying in both, the supersymmetry preserved by A-branes and the one preserved by B-branes. It acts on the component fields as
where ψ I = g IJ ψ J . The following action consists of the one for the non-linear sigma model (cf. for instance [21] ), which is N = (2, 2) supersymmetric up to boundary terms, and a boundary action that ensures total N = 1 invariance,
We may introduce a gauge field A, which we assume to be rank one for the moment, so that the field strength is F = dA. The corresponding N = 1 boundary action is [22] 
The general variation of this action leads to N = 1 supersymmetric boundary conditions that restrict the string end points to a submanifold C in M, i.e. for all t ∈ T C and n ∈ N * C we require n I δx I = n I ∂ 0 x I = n I ψ I = 0, and
where
Having said this we can properly interpret A as the connection of a line bundle over C. F = B + F is the gauge invariant combination of the B-field and the curvature F .
A-branes as coisotropic submanifolds
Taking the N = 1 action as starting point we now determine the consequences of N = 2 A supersymmetry on the geometry of the submanifold C and on the gauge field A.
The variations of the component fields of the chiral multiplets are
Applying them to the above action gives
, which needs to vanish for A-type boundary conditions. Here the Poisson structure π is the inverse of the symplectic structure on M.
Coisotropic submanifolds
The first line in (3) tells us that the Poisson structure π must vanish on the conormal bundle N * C, i.e. for any pair of covectors u and v in N * x C at a point x ∈ C it requires
This is the defining property of a coisotropic submanifold. Its codimension m can take values in {0, . . . , n}. If C is half-dimensional, m = n, it becomes a Lagrangian submanifold. Let us review the geometry of coisotropic submanifold in more detail. From the defining condition (4) we find that the Poisson structure along C induces a map π # : v I → π IJ v J from the conormal bundle N * C to the tangent bundle T C. The image of this map is the bundle of ω-orthogonal vectors to T C,
In fact, the property T C ω ⊂ T C serves as an alternative definition of a coisotropic submanifold. In view of the isomorphism
there is a relation of dimensions, dim T C ω = codim C = m.
The characteristic foliation
The subbundle T C ω ⊂ T C is integrable, i.e. the Lie bracket of any two vectors in T C ω is again a vector in T C ω . This follows from dω = 0. Indeed, take z ∈ T C and u, v ∈ T C ω , then
The Frobenius theorem then tells us that we can locally choose coordinates y 1 , . . . , y m , so that {∂/∂y 1 , . . . , ∂/∂y m } serves as a basis for T C ω , and that we can integrate along these vectors to obtain the characteristic foliation F of the coisotropic submanifold C. Its leaves, L, are m-dimensional and have the tangent bundle T L = T C ω | L . The bundle T C ω is therefore the tangent bundle to the foliation F, and we denote it henceforth by T F, a standard notation in foliation theory. Note that by definition the symplectic structure degenerates along the leaves of the characteristic foliation. For a Lagrangian submanifold C we have T F = T C, and the foliation consists of only one leaf L = C.
The transverse bundle to the foliation is defined as a quotient bundle,
However, the metric on the Kähler manifolds M can be used to pick a canonical representative for the quotient, NF ∼ = (T F) ⊥ . Note that the restriction of ω to C is non-degenerate transverse to the foliation, that is on NF.
The complex structure J induces an isomorphism J : T F → NC, and its restriction to the transverse bundle, J : NF → NF induces the decomposition NF⊗C = N (1,0) F⊕N (0,1) F. In fact, the coisotropic submanifold inherits a transverse Kähler structure (C, g, J, ω) from the ambient space [23] , i.e. C carries all the properties of a Kähler manifold but only on the transverse bundle NF.
The transverse complex structure
Let us proceed with the second line of (3). In view of the isomorphism π # : N * C → T F, it requires t I F IJ = 0 for any vector t ∈ T x F at a point x ∈ C, i.e. F is transversely polarised,
On compact manifolds we have B ∈ H 2 (M, R/Z) and F ∈ H 2 (C, Z) and therefore we can set B| T F = 0 and F | T F = 0 independently. For a Lagrangian submanifold this results in B = F = 0 on C [22] .
For the interpretation of the last line in (3) we follow reference [1] and definê
J is non-trivial only in the transverse direction of the foliation, since both, ω and F , are transverse on C. The last line in (3) then tells us thatĴ is an almost complex structure on the transverse bundle NF,Ĵ 2 = −id.
In fact, Kapustin and Orlov have shown in [1] thatĴ is integrable. It therefore defines a transverse complex structure on the foliation F and induces a decomposition
It is easy to check that the two-forms F and ω are of type ( 2, 0) ⊕ ( 0, 2) with respect to this decomposition. Antisymmetry and non-degeneracy of F and ω on NF then require that the dimension of N ( 1,0) F must be even, so that 2(n − m) = 4k for some integer k. This restricts the possible dimensions of the coisotropic submanifold,
The brackets denote taking the integer part. The conditionĴ 2 = −id can be rewritten as a simple condition on the complexified Kähler class. To see this let us consider the operatorsP ± = 1/2(id ∓ iĴ ) on NF.P ± are projection operators (to N ( 1,0) F resp. N ( 0,1) F) if and only ifĴ 2 = −id. Introducing the closed two-form 2ωP
we find thatĴ is an almost complex structure if and only if the matrix (ω − iF ) has rank 2k, or equivalently [7] (
In the context of type II string compactifications this condition can be interpreted as F-term condition for the low-energy effective action [13] . It is void for Lagrangian submanifolds, but gives an obstruction to deforming complexified Kähler moduli in the presence of higher dimensional coisotropic A-branes. The property that ω and F are of type ( 2, 0) ⊕ ( 0, 2), together with their relation to the projectorsP ± , tells us that ω − iF (resp. ω + iF ) is of type ( 2, 0) (resp. ( 0, 2)). In local J-complex coordinates in transverse direction, say z a for a = 0, 1, . . . , 2k, we have
A different real basis for the fermions
Let us analyze the boundary conditions for coisotropic A-branes in another real description of the N = (2, 2) non-linear sigma model, one that fits better to the N = 2 A subalgebra. In fact, the linear combinations of fermions,
− , were well-adapted to the two-step analysis above, where we started with the N = 1 subalgebra. The drawback is however their non-homogeneous transformation under the axial U(1) R-symmetry. To see this recall that the fermions carry axial R-charges according to the following table:
The fermions ψ I + and ψ I − are not Eigenvectors of the R-symmetry action, which suggests to use a different combination of fermions, namely
These are related to the N = 1 fermions by
Let us consider the boundary conditions for a coisotropic A-brane in terms of χ I and ρ I . Along the coisotropic submanifold C we had
Notice the appearance of the antiholomorphic and holomorphic projectors on the left-and right-hand side, respectively. As the two sides transform differently under R-symmetry rotations, they must vanish independently, that is
We find that transverse to the foliation the fermions, ρ and χ, take values in
The boundary conditions (1) along NC and T F both imply
Condition (7) actually requires that the (2, 0) ⊕ (0, 2) part of F with respect to the complex structure J from M must not vanish on a coisotropic A-brane C. To see this, notice that boundary conditions on fermions relate left-movers, ψ + , to right-movers, ψ − . Since both ω and B have type (1, 1), it follows immediately from (7) that the (2, 0) ⊕ (0, 2) part of F must be non-vanishing. On the other hand, the (1, 1) part of F may vanish or cancel the B-field. We will say more about the latter situation in the next subsection.
Let us summarize what we found so far.
A rank one A-brane on a 2n-dimensional Kähler manifold (M, g, J, ω) with closed B-field of type (1, 1) is a coisotropic submanifold C of dimension n+2k together with a line bundle with connection A, whose curvature, F = dA, gives rise to a complex structureĴ = π(B + F ) on the transverse bundle of the characteristic foliation F. The Kähler structure on M induces a transverse Kähler structure on C. The (2, 0)⊕ (0, 2) part of F with respect to the complex structure J on M must be non-vanishing.
After twisting to the topological A-model, one may generalize from Kähler to arbitrary symplectic manifolds M. Then the summary remains true except for the last two statements.
Transverse Kähler and hyper-Kähler
Let us find a hermitian metric for the transverse complex structureĴ. From the context of noncommutative geometry on the world volume of a D-brane [24] it is known that open strings do not couple to the metric g on M, but rather to the boundary metric
On a coisotropic A-brane this metric reduces to g along the leaves of the foliation, whereas it differs from g in the transverse direction. It is actually straight forward to see that
Having identified G as the hermitian metric we define its transverse Kähler form
Notice that it is of type (2, 0) ⊕ (0, 2) with respect to J. In fact, we haveω ij = 2iF ij and ωī = −2iFī. It is natural to ask when the metric G is transverse Kähler, that is when dω = 0. To answer this question let us work in the complex coordinates of M. Since F is closed we find (dω) [īij] = ∂īω jk = 2i∂īF jk = 2i∂ [k F j]ī . and hence we have the following:
Thus, assuming (9) leads to two transverse Kähler structures on the coisotropic A-brane, the first being induced from the embedding space (M, g, J, ω), and the second, (C, G,Ĵ,ω), being induced by the gauge field on C. They come however with two different metrics.
An obvious question is to ask under which circumstances the two metrics agree (up to a multiplicative constant) and thus define a transverse hyper-Kähler structure. As we found earlier the boundary conditions on the fermions require the (2, 0) part of F to be nonvanishing. We might try however to set the (1, 1) part to zero, that is to require
In that case the condition to have an almost complex structure,Ĵ 2 = −id, is equivalent to
We conclude that (C, g, J, ω,Ĵ, 1/2ω) is transverse hyper-Kähler if and only if F (1,1) = 0.
The third transverse complex structure is K = JĴ = −ĴJ and its Kähler form is F .
Topological twisting
The real formulation (6) is especially well-adapted for twisting the N = 2 A invariant theory to the topological A-model on M. After Wick rotation, σ 2 = iσ 0 and z = σ 2 − iσ 1 , and twisting, the fermions take values in χ I ∈ x * T (M) as well as
where K is the canonical bundle on the world sheet. The BRST operator Q acts as follows on the fields,
In the zero mode sector it is represented by the 
Topological observables on coisotropic A-branes
To see the action of the BRST operator Q on the world sheet boundary recall the boundary conditions for the fermions, χ a = 0 on NF and χ I = 0 on NC. Comparing these with the topological algebra (11), the BRST operator is found to act trivially along N ( 1, 0) , so that on C it is represented by [25] 
where d is the de-Rham differential along the leaves of the foliation F, and∂ ⊥ is the Dolbeault differential transverse to the foliation. Note that the latter is defined with respect to the transverse complex structureĴ. In order to describe boundary observables on a single coisotropic A-brane in the topological A-model we definê
The topological observables on a rank one coisotropic A-brane are then in one-to-one correspondence with elements in
Deformations of coisotropic A-branes
Elements inĤ 1 (C) are infinitesimal deformations of the A-brane geometry. In fact, an infinitesimal deformations along a section n ∈ NC leaves C coisotropic if L n ω = dι n ω = 0. To link these deformations to elements inĤ 1 (C) recall that the symplectic form induces an isomorphism NC → T * F, n → ι n ω, and so we have
Therefore, C stays coisotropic if and only if d C ι n ω = 0. If we mod out by Hamilonian deformations, ι n ω = d f , we find that the cohomology class ι n ω ∈Ĥ 1 (F, R) (which is polarized along the leaves of F) defines a deformation of the coisotropic submanifold. The deformations a ∈Ĥ 1 (F, R/Z) of the gauge field along the foliation complexify ι n ω. For another example of infinitesimal deformations take a one-formâ ∈ (N ( 0,1) F) * . It is a topological observable if it defines a∂ ⊥ cohomology element. This corresponds to an infinitesimal deformation of the transverse complex structure (or to a deformation of a transversely holomorphic vector bundle, a notion that we will introduce in Section 3.1).
This discussion might be compared with [26] , where infinitesimal deformations of Dbranes were studied in the context of generalized complex geometries. In the mathematical literature, the deformation theory of coisotropic submanifolds was worked out by Oh and Park in [27] . On the other hand, the deformation theory of transversely holomorphic foliations was studied quite some time ago by Duchamp and Kalka [28] as well as Gómez-Mont [29] . On A-branes both deformation theories need to be combined. However, as we will see later on, the noncommutative geometry on the coisotropic A-brane needs to be taken into account as well.
Finally, topological observables inĤ 0 (C) are functions on C with d C f = 0, i.e. f has to be constant along the leaves andĴ-holomorphic transverse to the foliation. Deformations by such transversely holomorphic functions, f (z a ), have the interpretation of turning on a tachyonic field on C. This will be the main theme in Section 3.2.
World sheet instantons for coisotropic A-branes
World sheet instanton corrections play a major role in the topological A-model. The instanton equation, (id − iJ)
requires a holomorphic embedding of, say a disk, D into M. The boundary of the disk, ∂D, has to be mapped into C with some restrictions. To see them (cf. [2] ) let us compare the Wick rotated version of the boundary conditions (1) with the instanton equation. Let ∂ 1 and ∂ 2 be normal resp. tangent to the disk. In transverse direction to the foliation we have
which implies that a tangent vector to x(∂D) cannot lie in NF. On the other hand, the boundary condition along the leaves of the foliation is trivially satisfied by the instanton equation,
We have found the following:
The boundary of a holomorphic disk instanton must be mapped into a single leaf L of the characteristic foliation of C, x : (D, ∂D) → (M, L). For space-filling coisotropic A-branes there are no instanton corrections, because the leaves are points.
The world sheet action in the topologically twisted theory can be recast as
The topological terms depend on the complexified Kähler form and on the gauge field on C.
A deformation of the coisotropic submanifold by a normal vector n ∈ NC can be included via ∂D n I g IJ ∂ 1 x J plus terms to ensure BRST invariance. On a world sheet instanton the action then becomes
Since the instanton is sensitive only to the gauge field in leaf direction, A , the instanton corrections in the path integrale are weighted by the holonomy of A + iι n ω around the boundary circle ∂D.
Holomorphic noncommutative geometry in the topological sector
The ordering of observables on the world sheet boundary together with the B-field and the gauge field gives rise to a noncommutative deformation of the D-brane geometry [24, 30] . In some situations this deformation does not play an essential role. For instance, for B-branes it does not affect the topological sector, because the latter is governed by holomorphic quantities whereas F and the associated Poisson structure θ both are of type (1, 1). Also, for A-branes on Lagrangian submanifolds there is no effect, because ω = F = 0 thereon. Coisotropic A-branes are different, for them noncommutative geometry plays an essential role in the topologically twisted theory. The bivector that gives rise to a noncommutative product was found in [24, 30] to be
On a coisotropic A-brane this bivector is non-trivial only transverse to the foliation. Note however that the corresponding noncommutative product will not be associative, since θ is generically not a Poisson structure [31, 32] . However, in the case of a transverse hyper-Kähler structure, as discussed in Section 2.3, θ is indeed Poisson. To see this we apply (10) twice and obtain
on NF.
In particular, it has type ( 2, 0) ⊕ ( 0, 2) with respect toĴ and using (5) we find
In the following we do not want to restrict ourselves to the hyper-Kähler case though. Instead, to disentangle the noncommutative effects from other string dynamics we consider the topologically twisted theory, where the noncommutative geometry on the coisotropic Abrane will arise from deformation quantization [33] .
2 However, we do not want to go as far as summing up the Kontsevich product to all orders in θ [35] . In fact, we will only concentrate on the leading term in the noncommutative product.
In the topological A-model let us consider the trivial instanton sector with quantum fluctuations around the constant map into the target space M. Because of the boundary conditions the image of the constant map must lie on the coisotropic A-brane. In order to include the fluctuations in the path integral, we choose local coordinates (x, ν) near the coisotropic submanifold so that C lies at ν = 0. In these coordinates the action (13) becomes
Let us concentrate on the leading contribution to the noncommutative product. The second term in (16) pairs NC with T F, and therefore can not act on topological observables, i.e. it can only appear in higher order terms in the noncommuative product. On the other hand, the first term becomes
On any two topological observables f, g ∈Ĥ 0 (C) the noncommutative product therefore acts as
where {f, g} P B is the Poisson bracket for π,
The higher order terms in (17) contain also contributions from the second part of the action (16) , which leads to terms in the Kontsevich product with derivatives normal to C [34] . However, for space-filling coisotropic A-brane, C = M, the noncommutative product (17) will be the Kontsevich product for the holomorphic Poisson bivector π ab . The fact that we have θ ab = 1 2
π ab in the topological sector nicely ties in with the holomorphic Poisson structure (15) in the transverse hyper-Kähler case. Note however that in the topological sector the leading term in the noncommutative product is governed by the Poisson structure θ = 
Gauge fields and tachyons on coisotropic A-branes
In this section we consider higher rank A-branes as well as stacks of branes and antibranes. We assume that the stack is supported on a coisotropic submanifold C with a fixed transverse complex structureĴ . The gauge fieldÂ, associated with a higher rank gauge group, and the tachyon profile T will be treated as perturbations on the background that was studied in the previous section. In the non-linear sigma model the data for a D-brane can be encoded in a superconnection A, whose path-ordered exponential is integrated along the world sheet boundary,
The integration is from an initial to a final point on the boundary, where boundary observables are inserted. The strategy of this section is to start with the general N = 1 superconnection as in [11, 17, 18] and to determine the conditions on the gauge field and the tachyon profile from N = 2 A supersymmetry. On general grounds, a line operator is invariant under an infinitesimal symmetry, say with parameter ε, if its variation leads to a total derivative, that is there exists a quantity Q so that
Evaluating the right-hand side requires taking into account contact terms at the world sheet boundary,
Here the dot indicates the operator product of boundary operators. The so-called boundary charge Q has the effect of twisting the infinitesimal symmetry on boundary operators,
The invariance of the path-ordered exponential is then equivalent to the following condition on the superconnection,
If the boundary conditions on a D-brane are of mixed von Neumann type, like in (1), the contact terms will contain a contribution from the noncommutative product induced from the bivector θ [24, 30] , These contact terms must be taken into account when we introduce the N = 1 superconnection A below. However, in general it is hard to disentangle the noncommutative effects from the stringy dynamics governed by the boundary metric G. In Sections 3.1 and 3.2 we will therefore introduce the noncommutative product in the N = 1 superconnection A only formally. This can be done because in the method that we choose to check N = 2 A invariance the contact terms will not appear explicitly. Section 3.3 will then focus on the topologically twisted theory, where the contact terms are under control. As discussed in the previous section they are literally given by the holomorphic noncommutative product (17).
A holomorphic gauge field
Consider a stack of A-branes on a coisotropic submanifold C with transverse complex structureĴ. In this statement we already assumed to split off a part from the gauge field, which is proportional to the identity and enters intoĴ . The remaining non-Abelian gauge field, sayÂ, is treated perturbatively in an N = 1 superconnection,
Here, the curvature of the gauge fieldÂ iŝ
where the star denotes the noncommutative product. Instead of checking the invariance under N = 2 A supersymmetry (2) directly, which would involve taking care of complicated contact terms, we take an easier route: Since the N = 2 A supercurrents are an axial R-symmetry rotation of the N = 1 currents, we just need to check invariance under axial R-symmetry. The N = 2 A invariance is then automatic. To this end we rewrite the second term in the superconnection in terms of the A-model coordinates, that isF
. Because of (6), the first and last term are not invariant and thus put constraints on the allowed curvatureF . Recall that the boundary conditions (7) and (8) state that χ vanishes on covectors in N ( 1,0) F * and that ρ vanishes on covectors in N ( 0,1) F * . This implies the following: First, the curvaturê F has to be transverse to the foliation, i.e. for all t ∈ T F we have t IF IJ = 0. Second, the curvature F must be of type ( 1, 1) with respect to the transverse complex structureĴ. The superconnection then becomes
We found that:
A higher rank A-brane on a coisotropic submanifold C with transverse complex structureĴ is a noncommutative transversely holomorphic (nth) vector bundle E [29] , which we define as a vector bundle equipped with a connectionÂ, whose curvature vanishes along the leaves of the characteristic foliation and is noncommutative and of type ( 1, 1) in transverse direction.
Algebraically, such an A-brane can be characterized by the sheaf E C of analytic sections of the nth-vector bundle E, i.e. the sheaf of analytic sections that are noncommutative transversely holomorphic [29] . We will refer to such an object as nth-sheaf. In view of these results the rank one coisotropic A-brane from the previous section is a coisotropic submanifold C with transverse complex structureĴ and a trivial nth-line bundle L. Its sheaf of analytic sections is the transverse structure sheaf FO C on C, that is the sheaf of functions that are noncommutative transversely holomorphic. The sheaf E C representing a higher rank A-brane on C is then a locally free left-FO C -module [29] .
Some remarks on the Seiberg-Witten map
So far we considered stacks of A-branes with fixed transverse complex structureĴ. In order to compare two A-branes, still on the same coisotropic submanifold, but with different complex structures, we will now apply the Seiberg-Witten map [24] . To keep control we will require that the bivector for the noncommutative product is given by θ = 1/2F −1 = −1/2Ĵπ. The following arguments will therefore be true for the topologically twisted theory.
In general, the Seiberg-Witten map is too complicated to be useful for our purposes. However, in flat space, say on the torus, and for constant Abelian (but possibly higher rank) gauge fields it simplifies considerably: The map between the curvatureF of the noncommutative connection and the curvatureF of the commutative one is given by [24] ,
Applying this transformation to the condition thatF is of type ( 1, 1) , that iŝ
gives the equationĴ tF +FĴ +F πF = 0 on NF.
The commutative curvature can now be combined with the background into F tot = F +F , on which condition (21) becomes
For rank one gauge fields, F tot defines a new transverse complex structure on C. For a higher rank Abelian gauge field, F tot defines a stack of rank one coisotropic A-branes on C, possibly with different transverse complex structures. Therefore, in the constant and Abelian case the Seiberg-Witten map can be used to map a coisotropic A-brane withĴ 1 and curvatureF 1 to one with another transverse complex structureĴ 2 . In fact, two Abelian stacks of coisotropic A-branes, say (C,Ĵ 1 ,F 1 ) and (C,Ĵ 2 ,F 2 ), are equivalent if and only if their curvatures satisfy the field redefinition
From the above discussion it is clear that this relation preserves the condition that the noncommutative curvature is of type ( 1, 1) . It is natural to expect that the analogous map for the general non-Abelian case also preserves this property. An argument in favour of this expectation goes as follows. The Seiberg-Witten map is merely a field redefinition that relates the fields coming from different choices of the regularization scheme of the twodimensional quantum field theory. Such field redefinitions do not change the S-matrix and, in particular, preserve supersymmetry. So, if we apply a field redefinition -the analog of (23) -on an A-brane (C,Ĵ 1 ,F 1 ), the resulting A-brane (C,Ĵ 2 ,F 2 ) must be supersymmetric, and thereforeF 2 must have type ( 1, 1) . For a non-Abelian gauge group it is however unclear how the commutative formulation -the analog of relation (22) -should look like.
If this expectation is indeed true and if a coisotropic submanifold C admits several transverse complex structures, we can always pick one of them, sayĴ. Every higher rank coisotropic A-brane on C can then be written in terms of the superconnection (19) for some nth-vector bundle E.
A holomorphic tachyon profile
Next, we consider brane-antibrane pairs with tachyon profile. Given a vector bundle E over C a tachyon profile is an endomorphism T ∈ End(E), which is hermitian with respect to a hermitian metric on E. The corresponding N = 1 superconnection is given by [11, 12, 17, 18] 
Here,DT = dT + i(A * T − T * A) denotes the covariant derivative. For subsequent reference we split it according to the foliation F,D = d ,Â + ∂ ⊥,Â +∂ ⊥,Â , and introduce
To check axial R-symmetry we rewrite the first term in (24) as i/2(ρ ID I T +χ ID I T ). The only way to make it R-invariant is to split the tachyon profile into T = T + + T − , where the two parts transform homogeneously with charges ±1 under R-rotations, that is for a given representation R(λ) of the R-symmetry group on the vector bundle E we have
Taking into account the boundary conditions (7) and (8) for the fermions χ and ρ we therefore need that d ,Â T ± = 0 and ∂ ⊥,Â T + = 0 =∂ ⊥,Â T − . Let us introduce the notation T − = iQ for the transversely holomorphic part of the tachyon profile. By the hermiticity of T we have
The coordinate dependence of Q can be summarized in
Q is therefore an endomorphism on an nth-vector bundle E. In order to see the consequence of axial R-invariance of the second term in (24), we write it as
It is invariant if and only if
that is if Q is a noncommutative transversely holomorphic differential on E. Combining results we obtain the following N = 2 A superconnection,
The action of the R-symmetry group on Q is given by
that is Q has R-degree 1. If we assume Q to be irreducible, it therefore splits the vector bundle into a finite direct sum, E = ⊕ j E j , where j ∈ Z denotes the R-degree. Representing the vector bundles E j over C by nth-sheaves E j C , the conditions (25-27) on the tachyon profile Q say that the A-brane is determined by a complex of locally free left-FO C -modules, . . .
The results of this section can be summarized as follows:
An A-brane on a coisotropic submanifold C with fixed transverse complex structureĴ is a complex (28) of nth-sheaves (vector bundles) with noncommutative transversely holomorphic differential Q.
The role of noncommutative geometry for tachyon condensation
We now perform the topological A-twist in order to get control over the noncommutative product. In the twisted theory the conditions (25) (26) (27) for the A-brane are unchanged, but the noncommutative product therein is now given explicitly by (17) , which is governed by the holomorphic bivector θ ab = −i/2π ab .
In order to understand the role of noncommutative geometry for the tachyon condensation process let us consider a special complex, namely the Koszul complex for an N-tuple of sections of nth-line bundles, f = {f 1 , . . . , f N }. We denote the associated nth-sheaves by L C,l for l = 1, . . . , N. By setting V C = ⊕ l L −1 C,l the Koszul complex is given by
It will localize in the infra-red on the zero locus ∩ l {f l = 0}, which in case of a complete intersection will have complex codimension N. At first sight, to have a non-trivial zero locus requires the number of sections to be less or equal to dim NF ( 1,0) = 2k. However, this bound is too big, as in the maximal case this would lead to a submanifold of real dimension n − 2k, which is less than the dimension of a Lagrangian submanifold and thus inconsistent with the observation that A-branes must be supported on coisotropic submanifolds.
The resolution to this problem is provided by the property that Q is a noncommutative differential, Q * Q = 0. Indeed, on the sections f this condition becomes
Let us pick the unique connection for the bundle E with∂ ⊥,Â =∂ ⊥ . In this frame the sections f l depend holomorphically on the transverse coordinates z a , and in leading order of the expansion (17) , the condition on the sections becomes
i.e. the sections f must be in involution. However, the maximal number of Poisson commuting sections for a rank k holomorphic Poisson structure π is k, so that the maximal number of sections in the Koszul complex is k (and not 2k). Indeed, condition (29) ensures that the zero locus ∩ l {f l = 0} is again coisotropic. Notice that with the help of Koszul complexes we can construct Lagrangian submanifolds by finding a maximal number of commuting sections f . However, the converse is not true. Because of the required transverse complex structure on the coisotropic A-brane we can not in general find a Koszul complex for a given Lagrangian submanifold.
It is unclear at present, how the Seiberg-Witten map acts on complexes of nth-bundles. While we learned, at least in flat space with constant θ, how the Seiberg-Witten map (23) acts on the connections of the line bundles in the Koszul complex, we need to understand how it transforms the differential of the complex. We would however expect two seemingly contradicting properties from such a transformation. First, since the transverse complex structure is changed under the Seiberg-Witten map, the transformed differential must be holomorphic with respect to the new transverse complex structure. Second, the zero loci associated with these two Koszul complexes, for instance Lagrangian submanifolds, should coincide. However, the zero loci of two sets of sections that are holomorphic with respect to two different complex structures cannot agree in general. At present, we can only speculate that a possible way out is to relax the second point and admit Hamiltonian deformations between the two zero loci.
The topological observables
In the topologically twisted theory the BRST operator is represented on the zero mode sector by a transversely holomorphic version of Quillens superconnection [17, 18, 36] . It acts on the bundle
This can be checked using the A-type boundary conditions and computing the boundary supercharge from (18) for the BRST transformations (11) . The conditions (25) (26) (27) turn Quillens superconnection into a differential,
The topological observables between two complexes are then represented by∇-cohomology classes of forms inΩ q (C, Hom
where the form degree and the homological degree of the complex combine into the axial R-charge q = n + m. More precisely, the differential acts as
Particular examples of elements in the cohomology groupĤ 0 (C, Hom * (E 1 , E 2 )) are chain maps between complexes up to homotopy, i.e. transversely holomorphic elements ψ 21 ∈ Hom 0 (E 1 , E 2 ) that are Q-closed, Q 2 * ψ 21 − ψ 21 * Q 1 = 0, up to Q-exact terms. In particular, there are two limiting cases of coisotropic A-branes, the ones with minimal dimension and the ones with maximal dimension. A-branes of the first sort are the familiar Lagrangian submanifolds, that is with no transverse direction to the foliation and hence no perturbative geometric structure. The non-trivial geometry comes solely from non-perturbative disk instanton corrections which measure the holonomy of the flat gauge connection.
Concluding remarks and challenges
The second limiting situation are space-filling coisotropic A-branes, C = M, which exist only when M is complex even-dimensional. The geometric structure on space-filling A-branes is purely perturbative and resembles that of a space-filling B-brane, it is aĴ -holomorphic vector bundles, albeit noncommutative. There are no instanton corrections. (Notice however that for complex odd-dimensional M the coisotropic A-branes with maximal dimension may have instanton corrections due to their one-dimensional leaves.)
Noncommutative geometry vs. instanton corrections
As we saw in the previous section tachyon condensation provides a means to construct lowerdimensional coisotropic A-branes, in particular Lagrangian ones, from maximal dimensional ones. It may therefore provide a direct link between disk instanton corrections of the former and noncommutative geometry of the latter.
To make this more concrete, consider the four-torus T 4 . Pick three Lagrangian submanifolds, L i for i = 1, 2, 3, with flat connections and assume that they are the zero loci of global sections Θ i of nth-line bundles L i over T 4 . According to our discussion on tachyon condensation in the previous section we can represent these Lagrangian A-branes by two-term complexes of coisotropic A-branes (possibly tensored with a line bundle),
There are then two ways of computing the corresponding topological 3-point function on the disk.
• The first involves explicit instanton counting of J-holomorphic discs, that is triangles weighted by the exponential of the complexified Kähler class, q ∼ e 2πit .
• The second uses algebraic methods over the noncommutative four-torus, with u and v being theĴ-compex coordinates with commutation relations [u, v] = π uv . For the exponentials, U = e 2πiu and V = e 2πiv , we have UV = q ′ V U with q ′ = e 2πi π uv ∼ e 2πi/t .
The expectation is that the first computation leads to a theta function depending on the modular parameter q and the second gives a theta function depending on q ′ . These should then be related by a modular transformation.
It would interesting to work out this connection between noncommutative geometry and instanton counting in more detail. However, fixing all the details in the outline above is out of the scope of this paper and will be treated elsewhere.
Open problems on the route to a category of A-branes
In this work we only considered complexes of nth-vector bundles on a single coisotropic submanifold C with fixed transverse complex structureĴ . However, the most general Abrane will be a complex that involves objects that are holomorphic with respect to different transverse complex structures and that are supported on different coisotropic submanifolds.
Such complexes require an understanding of the topological observables (of R-degree 0) between two nth-vector bundles, say E 1 over (C 1 ,Ĵ 1 ) and E 2 over (C 2 ,Ĵ 2 ), as they will be the morphisms that build up the differentials in general complexes. However, already for C 1 = C 2 the BRST operator is represented by two different Dolbeault operators, one associated withĴ 1 the other withĴ 2 . What is the meaning of the holomorphicity condition, d C,Â Q = 0, in such a situation?
Having settled this issue, the next one is to form a differential that satisfies the analog of the relation Q * Q = 0. However, in order to write down such a relation we first need to understand how to compose morphisms between nth-vector bundles. Here, a familiar issue with A-branes drops in, the composition will in general be a quantum product that includes instanton corrections.
